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PRIMITIVE PERMUTATION GROUPS AS PRODUCTS OF
POINT STABILIZERS
MARTINO GARONZI, DAN LEVY, ATTILA MARO´TI, AND IULIAN I. SIMION
Abstract. We prove that there exists a universal constant c such that any fi-
nite primitive permutation group of degree n with a non-trivial point stabilizer
is a product of no more than c logn point stabilizers.
1. Introduction
Given a finite group G 1 and a subgroup H of G whose normal closure is G, one
can show, by a straightforward elementary argument, that G is the setwise product
of at least log|G|log|H| conjugates of H . A far reaching conjecture of Liebeck, Nikolov
and Shalev states [8] that in the case that G is a non-abelian simple group, log|G|log|H|
is in fact the right order of magnitude for the minimal number of conjugates of
H whose product is G, namely, there exists a universal constant c such that for
any non-abelian simple group G and any non-trivial H ≤ G, the group G is the
product of no more than c log|G|log|H| conjugates of H . Later on, in [9], this conjecture
was extended to allow H to be any subset of G of size at least 2. Some weaker
versions of these conjectures are proved in [8, Theorem 2], [9, Theorem 3], and [4,
Theorem 1.3].
Here we look for a universal upper bound on the minimal length of a product
covering of a finite primitive permutation group by conjugates of a point stabilizer.
We will prove the following logarithmic2 bound:
Theorem 1. There exists a universal constant c such that if G is any primitive
permutation group of degree n with a non-trivial point stabilizer H then G is a
product of at most c logn conjugates of H.
Note that in most relevant cases, log|G|log|H| < log |G : H | = logn (see Lemma 2.1).
Thus we do not know whether the bound provided by Theorem 1 is the best possible.
In fact, on the basis of currently published results we don’t even know if this bound
can be improved for any particular O’Nan-Scott family of primitive groups. We
believe that these questions deserve further investigation.
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1All groups discussed are assumed to be finite.
2Throughout the paper, log stands for logarithm in base 2.
1
22. Preliminaries
We collect some preparatory results and notation.
Lemma 2.1. Let G be a group and H ≤ G such that |H | ≥ 4 and |G : H | ≥ 4.
Then log |G| / log |H | ≤ log |G : H |.
Proof. Set x := log |G| and y := log |H |. Then the desired inequality reads x/y ≤
x− y, which is equivalent to x ≥ y + 1+ 1
y−1 . Since y ≥ 2 because |H | ≥ 4, this is
clearly satisfied if x ≥ y + 2, which is equivalent to |G : H | ≥ 4. 
Lemma 2.2. Let G be an almost simple group with socle T . Let M be a maximal
subgroup of G and let M0 := T ∩M . Then |M0| ≥ 6.
Proof. We can assume that T  M . Since G is almost simple, we have M0 6= 1
([2, Theorem 1.3.6]) whence |M0| ≥ 2. Moreover, M0 E M , so by maximality of
M , the fact that T is simple, and 1 < M0 < T , we get that M = NG (M0) and
M0 = M ∩ T = NT (M0). Suppose, by contradiction, that 2 ≤ |M0| ≤ 5. Then
M0 is contained in a Sylow p-subgroup P of T where p ∈ {2, 3, 5} according to
the case. If M0 < P then M0 < NP (M0) ≤ NT (M0) = M0 - a contradiction.
Thus M0 is a Sylow p-subgroup of T . But 2 ≤ |M0| ≤ 5 implies that M0 is
abelian so M0 ≤ CT (M0) ≤ NT (M0) = M0. Thus M0 = Z (NT (M0)), and by
Burnside’s p-complement theorem ([11, 10.21]), M0 has a normal p-complement in
T - a contradiction since T is simple. 
The following lemma is an easy corollary to a major result of [5]. Let xG denote
the conjugacy class of x in G.
Lemma 2.3. Let T be a non-abelian simple group. Then there exist α, β ∈ T such
that T = αTβTS, where S is any subset of T of size at least 2. In particular, there
exist α, β ∈ T such that T = αTβT γT where γ := β−1α−1.
Proof. By [5, Theorem 1.4] there exist α, β ∈ T with αTβT ∪{1} = T . If αTβT = T
then we are done. Otherwise, αTβT = T − {1}, and since for any s ∈ T we have
(T − {1}) s = T−{s}, we get that for any s1 6= s2 ∈ S we have α
TβT s1∪α
TβT s2 =
T and T = αTβTS follows. For proving T = αTβTγT (for the same choice of
α, β ∈ T ) we can assume αTβT = T − {1}. Hence γ 6= 1, implying
∣∣γT ∣∣ ≥ 2. Now
T = αTβT γT follows by taking S = γT in the first claim. 
Notation 1. We denote by γHcp(G) the minimal positive integer m such that there
exist m conjugates of H ≤ G whose product is G (γHcp(G) =∞ if G is not a product
of conjugates of H).
For the proof of Theorem 1 we use the classification of finite primitive permuta-
tion groups as given by the O’Nan-Scott theorem, for which we adopt the formula-
tion and notation of [10]. Thus G is assumed to be a primitive permutation group
on a set Ω of size n = |G : H | where H = Gα is the stabilizer of some α ∈ Ω. The
socle of G is denoted B ∼= T k with k ≥ 1, where T is a simple group. Since B acts
transitively on Ω (being a non-trivial normal subgroup of a primitive group), we
have G = BGα = BH . Suppose that B is contained in the product of t conjugates
of H . Then G is a product of t conjugates of H (see [3, Lemma 7(2)]). Moreover,
since Bα = B ∩ H ≤ H , we get that B is certainly contained in the product of
γBαcp (B) conjugates of H . These considerations show that γ
Gα
cp (G) ≤ γ
Bα
cp (B) while
3n = |G : Gα| = |B : Bα| and so in the cases where B does not act regularly on Ω
we will prove our claim by exhibiting a suitable upper bound on γBαcp (B) (if B acts
regularly, Bα = 1 and γ
Bα
cp (B) = ∞). Also note that since for any integer m there
are only finitely many isomorphism types of finite groups A such that |A| ≤ m, for
all primitive groups G satisfying |G| ≤ m we get that γBαcp (B) is bounded above by
some constant depending on m, and so we may assume, that |B| = |T |
k
> m for
any fixed choice of m.
3. Type I. G is an affine primitive permutation group
Proposition 3.1. Let G be an affine primitive permutation group with a non-trivial
point stabilizer H. Then G is a product of at most 1 + cA log |G : H | conjugates of
H, where 0 < cA ≤ 3/ log 5 < 1.3 is a universal constant.
In order to prove Proposition 3.1, we review some basic properties of affine
primitive permutation groups. If G is an affine primitive permutation group, then
it has exactly one minimal normal subgroup V , which is abelian so V ∼= Clp for some
prime p and some natural number l. Moreover G = V H and, viewing V as the
vector space over Fp, then H acts by conjugation irreducibly as a group of linear
transformations on V . When convenient we will use additive notation for V .
Lemma 3.2. Let G be an affine primitive permutation group with point stabilizer
H and minimal normal subgroup V ∼= Clp. Let h ∈ H and v ∈ V . Set w := v
h−1 −v
and k := ⌈log p⌉. Then 〈w〉 is contained in a product of k + 1 conjugates of H.
Proof. We can assume w 6= 0V = 1G for which the claim clearly holds. Then
w is of order p, and any element of 〈w〉 is of the additive form sw where the
integer s satisfies 0 ≤ s ≤ p − 1. Since k := ⌈log p⌉, the base 2 representation
of s takes the form s =
k−1∑
j=0
bj2
j (bj ∈ {0, 1} for all 0 ≤ j ≤ k − 1). Now note
that w = vh
−1
− v = v−1hvh−1 ∈ HvH . Similarly, for any c ∈ Fp we have
cw = (cv)
h−1
− cv ∈ HcvH . Thus, identifying the powers 2j with elements of Fp,
we see that sw ∈ (HvH)
(
H2vH
) (
H2
2vH
)
· · ·
(
H2
k−1vH
)
, for any 0 ≤ s ≤ p− 1,
where we pick 0V from the j-th factor
(
H2
jvH
)
in the product if bj = 0 and 2
jw
if bj = 1. However, also note that since V is abelian,
(
H2
jvH
)
∩ V is invariant
under conjugation by any element of V . Hence, for any choice of u0, ..., uk−2 ∈ V
we have
sw ∈ ΠH := (H
vH)
u0
(
H2vH
)u1 (
H2
2vH
)u2
· · ·
(
H2
k−2vH
)uk−2 (
H2
k−1vH
)
.
Finally, for the choice uk−2 = 2
k−1v, uk−3 = uk−2 + 2
k−2v and in general uk−j =
uk−j+1 + 2
k−j+1v for all 2 ≤ j ≤ k where uk−1 := 0V , we get that ΠH is equal to
a product of k + 1 conjugates of H . 
Lemma 3.3. For each prime number p define f(p) := ⌈log p⌉/ log p. Then f(p)
has a global maximum at p = 5. Consequently
(3.1) ⌈log p⌉ ≤ (3/ log 5) log p, for every prime p.
4Proof. First check that 1 + 1/ log 11 < 1.29 < 3/ log 5. Then, using this, we get:
f(p) ≤ (log p+ 1)/ log p = 1 + 1/ log p < 3/ log 5 = f(5), ∀p ≥ 11,
and for p = 2, 3, 7 we verify explicitly that f (p) < f (5). Hence f(p) has a global
maximum f (5) = 3/ log 5 at p = 5. Finally, ⌈log p⌉ = f(p) log p ≤ f(5) log p. 
Proof of Proposition 3.1. Using the notation introduced after the statement of
the proposition, log |G : H | = log |V | = log pl = l log p. Using Inequality 3.1, we
obtain:
1 + l⌈log p⌉ ≤ 1 + (3/ log 5)l log p = 1 + (3/ log 5) log |G : H |.
Thus, it is enough to show that G is a product of at most 1+ l⌈log p⌉ conjugates
of H .
Fix a non-zero vector v ∈ V . If v is central in G then V = 〈v〉 by minimality
of V . It follows that H is a non-trivial normal subgroup of HV = G since V is
central - a contradiction to H being core-free. Therefore v is not central, and there
is some h ∈ H with vh
−1
6= v. Set w := vh
−1
− v.
We claim that there are l elements h1, . . . , hl ∈ H such that B := {w
h1 , . . . , whl}
is a vector space basis of V = Clp. Note that since w 6= 0V , this claim is immediate
for l = 1, and hence we assume l ≥ 2. Suppose by contradiction that 1 ≤ m < l
is the maximal integer such that there exist h1, h2, . . . , hm ∈ H for which B =
{wh1 , . . . , whm} is linearly independent. It follows that for any h ∈ H , wh ∈
Span (B). Thus Span (B) = Span
({
wh|h ∈ H
})
. This shows that Span (B) is a
proper non-trivial H-invariant subspace of V , contradicting the fact that H acts
irreducibly on V . Thus there exists a basis of V of the form B := {wh1 , . . . , whl}.
For each v ∈ V there exist s1, ..., sl ∈ Fp for which v = Σli=1siw
hi . Applying
Lemma 3.2 to each whi separately, we get that each v ∈ V belongs to Π1 · · ·Πl,
where each Πi is a product of ⌈log p⌉+ 1 conjugates of H . But, as in the proof of
Lemma 3.2, this shows that V ⊆ Πu11 · · ·Π
ul−1
l−1 Πl for any choice of u1, ..., ul−1 ∈ V ,
and one can choose these elements so that the product Πu11 · · ·Π
ul−1
l−1 Πl is a product
of at most l⌈log p⌉+ 1 conjugates of H . 
From Proposition 3.1 it follows that if G is an affine primitive permutation group
then γHcp(G) ≤ cI logn where the constant cI satisfies 0 < cI < 2.3.
4. Type II. G is an almost simple primitive permutation group
In this case we have k = 1 and B = T . Note that T is a non-abelian simple
group acting transitively on Ω. Furthermore, T does not act regularly on Ω by [10].
First suppose that |G| < n9. By [9, Theorem 3], since Tα is a subset of T of size
at least 2 (because T does not act regularly), there exists a constant c1 such that
T is a product of less than c1 log |T | conjugates of Tα. Now |T | ≤ |G| < n
9 implies
that γTαcp (T ) < 9 · c1 logn.
Assume that |G| ≥ n9. By [7] one of the following holds:
(1) T = Am, where m ≥ 5 and either
(a) Ω is the set of all subsets of size k of {1, . . . ,m}, n =
(
m
k
)
or
(b) Ω is the set of all partitions of {1, . . . ,m} into a subsets of size b where
ab = m, a > 1, b > 1; n = m!/((b!)
a
a!).
5(2) T is a classical simple group acting on an orbit of subspaces of the natural
module, or (in the case T = PSL (d, q)) on pairs of subspaces of comple-
mentary dimensions.
Since n = |G : Gα| = |T : Tα|, and since G is almost simple, we have by [1,
Lemma 2.7 (i)] that |G : T | ≤ |Out(T )| < n. This gives |T | > n8 =
(
|T |
|Tα|
)8
,
implying log|T |log|Tα| <
8
7 < 2. If Tα is maximal in T , we can conclude from [8, Theorem
2] that there exist a universal constant c2 and a universal function f : N → N,
such that for all T satisfying |T | > f (2) it holds that γTαcp (T ) ≤ c2
log|T |
log|Tα|
. Now we
claim that this conclusion is in fact valid even if Tα is not maximal in T . More
precisely, we claim that [8, Theorem 2] is valid for all subgroups belonging to the
families listed in [8, Lemma 3.1] in the case T = Am, and in [8, Lemma 4.3] in the
case that T is a classical group. Note that these families include the (T, Tα) of [7]
listed above. Our claim is based on a close examination of the use of the maximality
assumption in the proof of [8, Theorem 2]. We find that the maximality assumption
is used only in two places. First, in appealing to [8, Theorem 1] in order to discard
cases of simple groups of Lie type of small Lie rank. Here we replace [8, Theorem 1]
by [4, Theorem 1.3], which applies to any subset of T of size at least 2. The second
use of the maximality assumption is to identify the possible isomorphism types
for maximal subgroups of the remaining simple groups, according to the O’Nan-
Scott classification in the alternating case and the Aschbacher classification in the
classical case. These are precisely the families listed in [8, Lemma 3.1] and in [8,
Lemma 4.3]. The rest of the proof of Theorem 2 of [8] carries through even when
the subgroups in question are not actually maximal.
Finally, by Lemma 2.1 and Lemma 2.2 we get that γHcp(G) ≤ cII logn for some
universal constant cII > 0, for all primitive almost simple G.
5. Type III(a). G is a primitive permutation group of diagonal type.
Here Bα is the diagonal subgroup of B (∆ in the notation of Proposition 5.1
below) and n = |G : Gα| = |T |
k−1
, where k ≥ 2.
Proposition 5.1. Let T be a non-abelian simple group, k a positive integer, B :=
T k. Set ∆ := {(t, t, . . . , t) : t ∈ T } ≤ B. Then k ≤ γ∆cp(B) ≤ 3k − 2.
Proof. Suppose B is a product of m conjugates of ∆. Then ∆ ∼= T implies |T |k =
|B| ≤ |∆|m = |T |m. This proves k ≤ γ∆cp(B). For proving γ
∆
cp(B) ≤ 3k− 2, choose
α, β, γ ∈ T as in Lemma 2.3. Set a := α−1 and b := γ. Then T = αTβTγT =
(a−1)T (ab−1)T bT .
Let i ∈ {1, . . . , k}. Let τ i : T → T
k be the map that sends t ∈ T to the element
of T k that has t in the i-th component and 1 elsewhere. We denote Ti := τ i(T ).
Consider Di := ∆∆
τ i(a)∆τ i(b)∆. We prove that Di ⊇ Ti. An element of Di has
the form
(xyzw, xyzw, . . . , xyzw, xyazbw︸ ︷︷ ︸
i-th entry
, xyzw, . . . , xyzw)
6where x, y, z, w ∈ T are arbitrary. In order to prove that Di ⊇ Ti, choose arbitrary
x, y, z ∈ T and w = (xyz)−1. Then for the i-th component we have
xyazbw = xyazb(xyz)−1 = xa−1yab−1zbz−1y−1x−1
= (xa−1x−1)((xy)
(
ab−1
) (
y−1x−1
)
)((xyz) b
(
z−1y−1x−1
)
)
∈ (a−1)T (ab−1)T bT = T .
Since {(x, xy, xyz) |x, y, z ∈ T } = T 3, we can deduce Di ⊇ Ti.
It follows that B = T1 · · ·Tk = ∆T2 · · ·Tk ⊆ ∆D2 · · ·Dk = D2 · · ·Dk. Therefore
B = D2 · · ·Dk = (∆∆
τ2(a)∆τ2(b)∆) · · · (∆∆τk(a)∆τk(b)∆)
= (∆∆τ2(a)∆τ2(b)) · · · (∆∆τk(a)∆τk(b))∆,
and B is a product of 3(k − 1) + 1 = 3k − 2 conjugates of ∆. 
By Proposition 5.1 we have γ∆cp(B) ≤ 3k − 2. On the other hand
log |G : Gα| = (k − 1) log |T | ≥ (k − 1) log 60 > 5 (k − 1) .
Comparing the numbers we see that B is the product of less than log |G : Gα|
conjugates of Bα, and so we have γ
H
cp(G) ≤ cIII(a) logn with 0 < cIII(a) ≤ 1.
6. Type III(b). G is a primitive permutation group of product action
type.
Let R be a primitive permutation group of type II or III(a) on a set Γ. For ℓ > 1,
let W = R ≀ Sℓ, and take W to act on Ω = Γ
ℓ in its natural product action. Then
for γ ∈ Γ and α = (γ, . . . , γ) ∈ Ω we have Wα = Rγ ≀ Sℓ, and n = |Γ|
ℓ
. If K is the
socle of R then the socle B of W is Kℓ, and Bα = (Kγ)
ℓ
6= 1. If G is primitive of
type III(b), then G satisfies B ≤ G ≤ W and acts transitively on the ℓ factors of
B = Kℓ. In particular, soc(G) = soc(W ) = Kℓ. By the discussion of cases II and
III(a) we know that K is the product of at most max
{
cII , cIII(a)
}
· log |K : Kγ |
conjugates of Kγ . Since B = K
ℓ and Bα = (Kγ)
ℓ
, we get that B is the product
of at most max
{
cII , cIII(a)
}
· log |K : Kγ | conjugates of Bα. Now |G : Gα| = |Γ|
ℓ
,
and, since K acts transitively on Γ, |Γ| = |K : Kγ |. Hence
logn = log |G : Gα| = log |Γ|
ℓ
= ℓ log |K : Kγ |,
and we have proved that γHcp(G) ≤ cIII(b) logn with 0 < cIII(b) ≤ max
{
cII , cIII(a)
}
.
7. Type III(c). G is a primitive permutation group of twisted wreath
product type.
Let P be a transitive permutation group of degree k, acting on {1, ..., k}, and let
Q ≤ P be the stabilizer of 1. Let ϕ : Q →Aut(T ) be a homomorphism such that
ϕ(Q) contains all the inner automorphisms of T . Let
B0 = {f : P → T : f(pq) = f(p)
ϕ(q) ∀p ∈ P, q ∈ Q}.
Then B0 is a group with pointwise multiplication. let L = {l1, ..., lk} ⊆ P be an
arbitrary fixed left transversal of Q in P . By definition of B0, a function f ∈ B0
is determined by its values on L. On the other hand, the values of f on L can be
7arbitrary, and therefore we get B0 ∼= T
k. More specifically, for ℓ ∈ L and t ∈ T
define ft,ℓ : P → T by:
ft,ℓ(x) :=
{
tϕ(ℓ
−1x) if x ∈ ℓQ,
1 if x 6∈ ℓQ
∀x ∈ P .
We claim that ft,ℓ ∈ B0. Indeed, let p ∈ P, q ∈ Q, and consider ft,ℓ (pq). If pq 6∈ ℓQ
then p 6∈ ℓQ and f(pq) = f(p) = 1 so f(pq) = f(p)ϕ(q) holds. If pq ∈ ℓQ then
p ∈ ℓQ and there exists q0 ∈ Q such that p = ℓq0. Hence
ft,ℓ (pq) = ft,ℓ (ℓq0q) = t
ϕ(ℓ−1ℓq0q) = tϕ(q0q) = tϕ(q0)ϕ(q)
=
(
tϕ(q0)
)ϕ(q)
= ft,ℓ (ℓq0)
ϕ(q)
= f(p)ϕ(q).
Furthermore, if ℓ = li then ft,ℓ corresponds to the element of T
k that has t in the
i-th component and 1 elsewhere. To see this we just have to check that ft,li (lj)
satisfies ft,li (lj) = t if i = j and ft,li (lj) = 1 if i 6= j and this is immediate from
the definition. Thus we can construct an explicit isomorphism B0 → T
k which
maps {ft,li |t ∈ T } onto Ti, where Ti is the i-th direct factor of T
k, 1 ≤ i ≤ k.
From now on we identify {ft,li |t ∈ T } with Ti. Furthermore, P acts on B0 in the
following way: if f ∈ B0 and p ∈ P define f
p(x) := f(px) for all x ∈ P . The
semidirect product G := B0 ⋊ P with respect to this action is called the twisted
wreath product (of P and T ). Then G acts transitively by right multiplication on
the set Ω of size n = |B0| of all right cosets of P . This action is not always primitive.
If it is, G belongs to class III(c). In this case B = B0 ∼= T
k = T1 × · · · × Tk is a
normal subgroup (the unique minimal one) in G and acts regularly on Ω, and we
take Gα = P . We have n = |T |
k.
Set, for each 1 ≤ i ≤ k, Qi := liQl
−1
i . We prove that Qi leaves Ti invariant with
respect to the action of P on B0. For this we have to show that if p ∈ Qi, namely,
p = liql
−1
i for some q ∈ Q, then, for all x ∈ P , x ∈ liQ if and only if px ∈ liQ.
But px ∈ liQ means liql
−1
i x ∈ liQ, and this is true if and only if ql
−1
i x ∈ Q, which,
since q ∈ Q, is equivalent to l−1i x ∈ Q, which is equivalent to x ∈ liQ.
Thus the action of P on B0 induces an action of Qi on Ti for each 1 ≤ i ≤ k.
Note that for p = liql
−1
i ∈ Qi and x = liq0 ∈ liQ, we get
fpt,li (x) = ft,li (px) = t
ϕ(l−1
i
px) = tϕ(l
−1
i
liql
−1
i
liq0)
= tϕ(qq0) =
(
tϕ(q)
)ϕ(q0)
= ftϕ(q),li (x) .
Since fpt,li (x) = ftϕ(q),li (x) clearly holds also for any x /∈ liQ we get f
p
t,li
= ftϕ(q),li
and so Qi acts on Ti as ϕ (Q).
By Lemma 2.3 there exist ti,1, ti,2, ti,3 ∈ Ti for each 1 ≤ i ≤ k such that Ti =
tTii,1t
Ti
i,2t
Ti
i,3. For each j ∈ {1, 2, 3} set Oi,j :=
{
p−1ti,jp|p ∈ Qi
}
. In G := B0⋊P , the
action of P on B0 is the restriction of the conjugation action of G on itself, and
hence Oi,j is the orbit of ti,j under the action of Qi on Ti. Since, by assumption,
Inn(T ) ≤ ϕ (Q), Oi,j is a normal subset of Ti, and in particular contains t
Ti
i,j , the
conjugacy class of ti,j in Ti. Set Xi,j := t
−1
i,jOi,j , 1 ≤ j ≤ 3. Since the Oi,j ’s are
normal sets,
Ti = t
−1
i,1 t
−1
i,2 t
−1
i,3 t
Ti
i,1t
Ti
i,2t
Ti
i,3 ⊆ t
−1
i,1 t
−1
i,2 t
−1
i,3Oi,1Oi,2Oi,3 = Xi,1Xi,2Xi,3.
8Moreover Xi,j = {t
−1
i,j p
−1ti,jp : p ∈ Qi} ⊆ P
ti,jP for j = 1, 2, and Xi,3 =
t−1i,3Oi,3 = Oi,3t
−1
i,3 = {p
−1ti,3pt
−1
i,3 : p ∈ Qi} ⊆ PP
t
−1
i,3 . It follows that
Ti = Xi,1Xi,2Xi,3 ⊆ P
ti,1PP ti,2PP t
−1
i,3 .
Thus B = T1 · · ·Tk is contained in a product of at most 5k conjugates of P , and
since n = |T |k we have k = logn/ log |T |. Hence
γPcp(G) ≤ 5k = 5 logn/ log |T | ≤
5
log 60
logn < logn.
We have proved that if G is a primitive group of twisted wreath product type then
γHcp(G) ≤ cIII(c) logn where 0 < cIII(c) < 1.
This completes the proof of Theorem 1.
Acknowledgement: We would like to thank N. Nikolov for a useful discussion.
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